K-deformed Dirac Equation 



O 

(N 



E. Harikumar *, M. Sivakumar^, and N. Srinivas 
School of Physics, University of Hyderabad, Hyderabad 500046, India 

We construct a Dirac equation in K-Minkowski spacetime and analyse its implications. Tiiis 
K-deformed Dirac equation is expanded as a power series involving derivatives with respect to com- 
mutative coordinates and the deformation parameter, a. We show that the K-deformation breaks 
the charge conjugation invariance but preserves parity and time reversal. We then study how the 
Hydrogen atom spectrum is modified due to the K-deformation, applying perturbation theory. Us- 
ing this, we obtain bounds on the deformation parameter a, which are few orders higher than the 
Planck length. We also show that the effects of deformation on the spectrum are distinct from that 
of Moyal deformation and generalized uncertainty principle. 
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I. INTRODUCTION 

The notion of modification or deformation of the Poincare symmetry due to quantum gravity effects is being studied 
^ • intensively in recent times. Different approaches to understand the microscopic theory of gravity invariably introduces 
1^ I the notion of a fundamental length scale. Noncommutative geometry provides a natural way of incorporating this 
fundamental length scale fl'-'s']. With this motivation, considerable amount of efforts have been directed to understand 
various types of noncommutative spacetimes as weW as in analysing physical implications of these spacetimes. 
, The Moyal spacetime whose coordinates satisfying = i6^'^ , where 6^'^ is a fixed, anti-symmetric 

^ ' tensor is one prototype of noncommutative spacetime that has been studied extensively in recent times 0, [3 ■ Many 
OO ' physical models have been generalized to Moyal spacetime and the effect of noncommutative parameter 9^'^ have been 
analyzed [Mi. 

The usual notion of Lorentz symmetry is lost in the noncommutative spacetime. But it was shown that using 
a Hopf algebra approach, one can retain this invariance [T^ - [T7| . This allows to take over the usual notion of field 
■ quanta labeled by the Casimirs of Poincare algebra to noncommutative field theories. But this Hopf algebra approach 
results novel features in noncommutative field theories that are not shared by their commutative counterparts. Widely 
studied among these is the twisted statistics and its effects [l3-[2l|. 

Another class of noncommutative spacetime that have been studied is the one where the coordinates satisfy a Lie 
algebra type commutation relation, well known example being the fuzzy sphere (22| - [26| . Kappa-deformed Minkowski 
spacetime is another well known example of this type spacetime. The coordinates of K-Minkowski spacetime satisfy 
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x\ ff] = 0, [x", x'] = iax\ (a = -). (1) 



K 



K Minkowski s pac etime naturally appears as the spacetime associated with the low energy limit of certain quantum 
gravity models |27H30l |. The symmetry algebra of this spacetime is the k Poincare algebra and it is known to be related 
to deformed special relativity (DSR) [31| (a modified relativity principle having a fundamental parameter of length 
dimension in addition to the velocity of light). This led to the study of K-space-time and physics on K-space-time in 
recent times [32-53.]. bringing out its many interesting aspects. 

Many different field theory models have been constructed on K-space-time in recent times and various aspects of 
these models have been analyzed [27'-'30', 's^-'i^ . It is known that there are many different proposals for Klein-Gordon 
equation in K-space-time [27 30, 32 35, 42 47], all satisfying the criterion of invariance under K-Poincare algebra. 
There are some works where U{1) gauge theory on K-spacetime had been constructed [13, Elj. The U{1) theory in 
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K-spacetime is constructed in terms of commutative fields using *— product and Seiberg-Witten map, up to first order 
in the deformation parameter. 

In this paper, we construct a Dirac equation associated with K-spacetime and analyse some of its implications. 
In [27l - l30j . a Dirac equation was constructed by demanding that its square should be the K-deformed Klein-Gordon 
equation. But the Dirac equation obtained there was not invariant under spin-half representation of K-Poincare algebra 
and it was shown how to avoid this 54]. But unlike in the commutative case, the square of this k deformed Dirac 
equation, obtained in [sj] was related to the K-deformed Pauli-Lubanski vector. In [5^[5^ a Dirac equation consistent 
with deformed special relativity was obtained in the momentum space. This was shown to emerge naturally in the k- 
spacetime, with a specific choice for the differential calculus defined on K-spacetime. Using a different approach, Dirac 
equation satisfied by the particle governed by deformed special relativity laws was derived in (st} . It was shown that 
this Dirac equation is same as that on K-spacetime. But, the anti-particle equation consistent with deformed special 
relativity was shown to be different from the same on K-spacetime. Some other approaches towards the construction 
of Dirac equation on K-spacetime were attempted in |58l46l| . 

Here, we construct and study Dirac equation relevant for k spacetime using an alternate approach. In our approach, 
the K-deformed Dirac equation is constructed using the derivative operators which transform like vectors under the 
undeformed k Poincare algebra (See Eqn.(|3]) below). This guarantees that the Dirac equation is invariant under the 
spin-half representation of the undeformed K-Poincare algebra. The generators of this undeformed n Poincare algebra 
can be re-expressed in terms of the commutative coordinates and their derivatives (43 - |47| . Thus, the K-Dirac equation 
we obtain is written in terms of the derivatives defined in commutative spacetime. Using this Dirac equation, we 
study the effects of the n deformed noncommutative spacetime on Hydrogen atom spectrum. 

This paper is organized as follows. In the next section, we provide a brief summary of the undeformed Poincare 
algebra and the K-deformed Klein-Gordon equation ( in momentum space) essential for our purpose. In section HI, 
we first construct the K-Dirac equation. Then we discuss the status of discrete symmetry of Dirac equation. We show 
that the charge conjugation is not a symmetry of our K-Dirac equation, but is invariant under parity and time reversal. 
In section IV, we discuss the relativistic Hydrogen atom in the K-spacetime. In these discussions, we keep only terms 
up to first order in the deformation parameter a{— k^^). By treating the K-dependent terms as perturbation, we 
find the changes in the spectrum of Hydrogen atom; in particular, we calculate the shift in the 15*1 and 2Si levels. 
Comparing this with the experimental results on the energy difference between 15' and 25* levels of Hydrogen atom 
spectrum, we obtain an upper bound a < 10~^^m. In section V, we study the non-relativistic limit of the K-Dirac 
equation. Further, using this, we analyse the shift in the hydrogen atom spectrum (perturbatively). The IS* — 25* 
calculations set a < IQ^^^m while 2Pi — 2Si leads to a bound a < IQ^^^m. The shift in the ground state energy of 

non-relativistic spectrum leads to the strongest bound a < lO^^^m using the current experimental data on Rydberg 
energy. Our conclusions are given in Section VI. 



II. K-POINCARE ALGEBRA 

It was shown in |43 - I52j that the undeformed k- Poincare algebra is suitable to analyze the symmetries of k Minkowski 
spacetime. The generators of the undeformed K-Poincare algebra are M^^, and the modified derivative operators called 
the (Dirac) derivatives which transform as a vector under M^;^. The generators of this underlying symmetry algebra 
can be expressed in terms of the operators defined in the commutative spacetime, using a class of map between the 
coordinates and their derivatives of ^-Minkowski spacetime and those of commutative spacetime |42H47j . These maps 
are characterized by a function (j? [43 - |47j . 

The undeformed k -Poincare algebra is defined through the relations 

[M^., Dx] = VuxDp - Tj^xD,, [Dp, D,] = 0, (2) 
[Mp^,Mxp] = rjppMi^x + Vi^xMpp - rjypMpx ~ Vt^xMi^p, (3) 



which were obtained in |42| - |47l | . Here 77^1^ — diag(— I, f , 1, 1). DpD^, the Casimir of this algebra which can be 

expressed in terms of a □ operator as DpD'^ = □(! — ^□) [32| - [35l |43 - |52| where the □ operators are defined by 
[M^^D] =0, [a,Xp]=2Dp. 
The co-products are defined as 

A(L>^) = Dp®I + I(g)Dp + iap{D''Z)(^D^-^nZ(g}aa,D" (4) 
A(A'V) = Mp,®I + I®Mp, + iap{D'^ -—U)Z®M^,-ia,{D'^ -—n)Z®M^p, (5) 



where Z^^ = iaD^ + Vl + a'^DaD^ 
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For arbitrary realizations characterized by (^9, these Dirac derivatives and □ are exphcitly given as 



sinhA 



•—, Do = do — 



,2 (l~coshA) 



(6) 
(7) 



where V'^ = didi and A — —iado. Note that di and do are the derivatives corresponding to the commutative spacetime 
coordinates. It is clear that the Casimir, D^D^^ reduces to the usual relativistic dispersion relation in limit a ^ 0. 

Generalized Klein-Gordon equation using the Casimir on K-space is written as □(! — — m^$(a;) — 

(43 - l52| . This leads to the deformed dispersion relation 



''-S^nh\^^ 



P-P 



a 

T 
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= 0. 



(8) 



where po = 'ido and pi = —idi. 

Since the Casimir as well as the □ operator have the same a — > limit, the requirement of correct Klein-Gordon 
equation in the commutative limit does not rule out other possible generalizations in the K-space [48l - l52| . 

In this study, we take ip = e~^. With this choice^, the dispersion relation is same as that of k Poincare algebra in 
bi-crossproduct basis [H, which is relevant for Dirac equation compatible with doubly special relativity jH, [s^ . 



III. fi:-DIRAC EQUATION AND PTC SYMMETRY 



In this section, we construct K-Dirac equation such that its square gives the K-deformed Klein-Gordon equation 
given above in Eqn.®. Then we study the symmetry ( or the lack of it) of this Dirac equation under discrete 
transformations of parity, time reversal and charge conjugation. 

In terms of the Dirac derivatives in Eqn.®, above K-Dirac equation can be written as 

(7°^o + f A + ^)* = 0. (9) 

Square of this equation reproduces the Klein-Gordon equation given in Eqn.(l8]), as required. 

We emphasis that the above K-Dirac equation is defined in the commutative spacetime and the corresponding 7 
matrices are independent of the deformation parameter a. We take these matrices as 7° = — 7' = —il3a\ 



A. Parity 



Under parity, we haveP : x ^ —x, P : t ^ t, P : Di ~Di, P : Dq — > Dq. Note that Di and Dq transform 
respectively as pseudo vector and scalar, under parity. Thus, under parity, the K-Dirac equation becomes 

(7°i?o-yA + ^)*(-2:,t)=0. (10) 

and it is easy that = 7oPvE'(a;, t) is the solution of the Dirac equation given in Eqn.(|9]). Hence parity is a symmetry 
of the above K-Dirac equation. 

B. Time reversal 

Under time reversal, we have T x x, T : t ^ —t, T : Di ^ Di, T : -Do — ^ -Dq where 

--sinh{-iado) + -V^e+'''^\ (11) 
a 2 



^ Note that, for 1/1 = 1 realization we are interested in here, we have <p'(0) = 1 — 7(j4) which is always a number. Now, for an arbitrary 
choice of f (satisfying all the consistency conditions), using Taylor series, we have, up to first order in a, ^{A) = 1 + iatp' (0)dQ. This 
differs from the choice (/p = e"'* = 1 + iado only by a numerical factor and hence the general conclusions we arrive at here will be valid, 
independent of our choice for fiA). 
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We note that Dq = —Dq. After re-expressing the Dirac equation in Eqn.(l9l) as 

ihDo'^ = [-iha ■ D + [imc] ^ = (12) 
we see easily that under the time reversal, the Dirac equation becomes 

ihDo^{x, -t) = H^{x, -t). (13) 

Taking complex conjugate, we get 

ihDQ^*(x, -t) = H*^*{x, -t) (14) 

from which we see that T^'*(a;, t) satisfies the Dirac equation in Eqn. (fT2l) . Here the time reversal operator is given as 
T = —iaia^. As in the case of parity, time reversal is also a symmetry of the K-Dirac equation. It is interesting to 
note that both parity and time reversal operators are the same as that in the commutative case. 



C. Charge Conjugation 

To study the charge conjugation, we introduce minimal coupling of electromagnetic fields in Ean. (jl2p and obtain 
the Dirac equation for a charged particle interacting with external electromagnetic field . The minimal prescription 
is to replace p^t(= —ihd^) with — eA^^ where e is the electric charge of the particle. With this, the Dirac equation 
becomes 



a 



ih ( -szn/i[a(po - eAo)] - ^{P~ eAfe''^'P''-^^'>^ ] ^ = [a ■ {p - eA) + jSmc] (15) 



To get the equation for the anti-particle, we change e to — e in the above equation and take the complex conjugate, 
leading to 



(^--sinh[a{pn - eAo)] + - eAfe-'^^P^-'''^'^'^ ^* = (a* ■ {p- eA) ~ /3mc) ^* 



(16) 



We note that a matrix C = ij3a2 satisfying Ca*C^^ = a, C(3*C^^ — —(3 will map the RHS of the above equation 
to that of Eqn. (1151) by a similarity transformation. 

But note that, the LHS of the above equation is identity matrix in the spinor space and the same similarity 
transformation will not change the sign of the second term as well as the sign of the exponential appearing in that 
term. This shows that the Dirac equation for anti-particle is different from that of the particle. This feature of Dirac 
equation on k spacetime was noticed in [57] using a different approach. Thus we see here that charge conjugation is 
not a symmetry of k Dirac equation. 

We note that if we allow the sign of the deformation parameter a to change under the operation of charge conjugation 
we still can have the same Dirac equation for both particle and anti-particle. But then we can no longer consider a 
to be a fundamental constant. 



IV. K-DIRAC EQUATION AND SPECTRUM OF HYDROGEN ATOM 

In this section we study the modifications in the energy spectrum of relativistic Hydrogen atom due to the k- 
dcformation. This is done by keeping terms up to first order in the deformation parameter and studying its effect 
using first order perturbation theory. Using the shift in 15*1 and 2S'i calculated, and from the experimental values, 
we set a bound on the deformation parameter. 

With applying perturbation treatment in mind, we expand Dq and Di appearing in Eqn.® in powers of a and 
obtain the k Dirac equation, valid up to first order in a. To this order, the k Dirac equation becomes 

ihdt"^ = -ihca-V^ + mc^l3^ (17) 

Note here that the only a dependent term, i.e., is an identity operator in the spinor space. Hence the total angular 
momentum is still a good quantum number, i.e., J = L + S commutes with the above Hamiltonian. 
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This a dependent term in the Hamiltonian leads to an additional term in the Heisenberg equation for the coordinates 
Xi- From Eqn. (|17l) it is clear this additional term in the expression for velocity is linear in momentum. Therefore 
the Zitterbewegung is not affected by a dependent corrections (up to first order). 

The Dirac equation for Hydrogen atom is now 



-ihcd ■ V + + V{r) + ^^v^ 



* = (i/o + ^fi)*, (18) 



where V{r) = — ^ is the Coulomb potential.^. Note that the perturbing Hamiltonian Hi — a^V^. Thus the first 
order perturbation to energy spectrum is 

AE =< ijj\Hi\Tp > . (19) 
This can be calculated using the well known expression for the relativistic Dirac wave function [65j | 



where x™"* are the spin-angular fimctions, gk{i') and fk{i') are radial wavefunctions. Using the Laplacian operator in 
spherical polar coordinates, we get the first order correction as 

+ / d\Ur)xT'if) [^,^y^) ~ ^) h-ir)yZ^if) (21) 
The orthogonality relations of x™^ and the identity 

d^xt' i^)L\T (^) = + l)ft'4'fc'5™^™, , (22) 

we calculate the first order correction to 15*1 and 25*1 states of the Hydrogen atom. 
Using the expressions for g{r) and /(r) for 15'i (see [HH) in Eqn ([2T|) . we find, for 151 , 

2r(2s + l) J \ dr dr^ J ^ ' 



Here X ~ \J {rn?-(? — TiP-c ^), where E is the corresponding unperturbed energy and s = \J\ — ^ a being the fine 
structure constant. Approximating s to unity, we find 

AEi = -0.10256a J. (24) 

Now using g{r) and /(r) corresponding to 25i , we find 

AE2 = -236.32a J. (25) 

Using these, we find the ratio of the difference in the shifts of IS" and 2S levels to the energy of IS" level. This turns 
out to be 

|^^i-^^|=a(2.89x lOi'V^i (26) 
El 

The frequency of 15 — 25 is a now known to an accuracy of about 10~^"^[66l, [67|. This imposes the bound 

a2.89 X 10^^ < lO-^**™ (27) 

implying a < lO^^^m. This bound is above the Planck length. 

As we show below, the k induced shift in the spectrum of Hydrogen atom persist even in the non-relativistic limit. 
Since the result in the NR limit is more transparent and also provide much stronger bounds on a, we next study the 
NR limit of the Dirac equation and study the non-relativistic Hydrogen atom spectrum. 



^ It was shown in [64j . that the change in the ^ potential due to k deformation, up to first order in the deformation parameter a is a 
total time derivative. Also this additional term do not contribute to the Hamilton's equation 
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V. NON-RELATIVISTIC HAMILTONIAN IN k-SPACE-TIME 



Now we study the non-relativistic limit of the K-Dirac equation obtained in section 2. Then, we use this to study 
the shift the spectrum of Hydrogen atom, using perturbation theory and calculate shifts of various energy levels. 
Using this we obtain different bounds on the deformation parameter. 

The K Dirac equation in Eqn. (flT)) leads to the two component equations 



E-mc^ + —f - V(r) 



2h 



U = ca ■ pW, 



E + mc 



ac 

m 



P 



Vir) 



W = C(J ■ pU. 



(28) 



Splitting E — E' + mc^ and mc^ >> E' where E' is the NR energy and following the standard procedure, we find, in 
the NR limit U obeys 



E'U = 



2m 



V- 



h 



1 IdV 



2771^0^ r dr 



(L-S) 



ti^ dV d 
Arri^c^ dr dr 



ach 
~2 



air" , 
8m2c^ ' 



U, (29) 



which is in the form Eu — {Hq + Hi + Ha)u. Here Hi is the well known correction terms one finds in the NR limit 
of Dirac Hamiltonian for i/-atom and Ha comprises of the last two terms induced by the k noncommutativity. Note 
here that the usual kinetic term as well as the relativistic correction term receive a dependent corrections and this 
lead to change in the coefficients of these two terms. But neither the spin-orbit coupling term nor Darwin term are 
modified by the k noncommutativity parameterized by a. Also, no new type of terms (which were not present in Hq 
or Hi) are generated by k deformation. 

The perturbative effect of Hi on the spectrum and eigenfunctions of Hq are well known 68] . The energy eigenvalue 
of Ho + Hiis 



En - E° 



n 3 . 

r ^ 7) 



1,2, .... and a is the fine structure constant 



The first order correction to energy eigenvalue due to S|Iiy2 _ — = —B£ni(^ff^ _ V{r)) is 



(30) 



AEi 



acm , , , / s M , acm „ 

-—- < nlm\{Ho - V(r))\nlm >= -—Ell, 



1,2, 



(31) 



Similarly, the first order correction due to 



ah-' 



2\2 



8m ^ he 



{fr^~4-riHo~V{r))^ is 



2hc 



< nlm\{Ho - V{r))'^\nlm >= 



amc 





2 


3 n 




) 





(32) 



Thus the the energy eigenvalue of H is 



En — E„ 



Za 
n 



3 + 



1 - 



Za 
n 



(33) 



Note here that the correction due to the second term (Eqn i32| explicitly breaks the degeneracy in the orbital quantum 
number I. But the k noncommutativity induced corrections do not lift the degeneracy in m. 

Using the spectrum fEgnlM]). we find the ratio of energy difference between IS* and 25 levels to the energy of IS* 
level to be a 2.5a x 10^^. Present experimental results [6y, |63| on this ratio leads to the upper bound on a. Thus we 
have 



a < 10^26^^ 



(34) 



We see here that the bound on a obtained in the non-relativistic limit of the k- modified Hydrogen atom is stronger 
that the corresponding bound obtained in the relativistic case. 

We also see from the non-relativistic spectrum ( Eqni33|) that the shift 



E' 



2pi 



E2s, = a3.76 X 10"^ Jm"\ 



(35) 



Since the accuracy in this measurement is 10 , we find the upper bound as a < 10 



-25^ 
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We get a much more stronger bound from the correction to the ground state energy of Hydrogen atom due to Ha- 
As it is clear from Eqn. ipT]) and Eqn. ([55)) . this contribution shifts the Rydberg energy. For n = 1, we find the ratio 
of this shift in Rydberg energy to the unperturbed one 

|^| = ^xlO"m-i. (36) 

Since the accuracy in the measurement of Rydberg energy is 10~^, we find the upper bound on a as 

a < IQ-^^m. (37) 



VI. DISCUSSION 



In this paper we have constructed and studied Dirac equation for k Minkowski spacetime, using the Dirac derivatives. 
Since these Dirac derivatives transform hke vectors under the undeformed Ac-Poincare algebra, the Dirac equation is 
guaranteed to be covariant under the undeformed K-Poincare algebra. We also note that all the dependence of the 
deformation parameter is included in the Dirac derivatives and the gamma matrices are independent of deformation 
parameter. 

The Dirac derivatives are defined in terms of commutative coordinates and their derivatives. Since the mapping 
between k spacetime coordinates and their commutative counterparts is characterized by if, the K-Dirac equation will 
naturally include tp. Thus the dispersion relation is also characterized by the same cp. The choice of tp we made here 
give the same dispersion relations that obtained in the bi-crossproduct basis of k Poincare algebra. As pointed out in 
the footnote, different choices for ip will not affect the general conclusions we have obtained. 

We have shown that the charge conjugation is no more a symmetry of the K-Dirac equation whereas parity and 
time reversal invariances are unaffected by the K-deformation. These results are valid to all orders in the deformation 
parameter. 

We have analyzed the shift in the energy levels of Hydrogen atom due to the K-deformation, using this Dirac 
equation. This was done using perturbartion theory, keeping only terms up to first order in a. Note that the 
modification in ^ potential (up to first order in a) is a total time derivative term and this can be omitted [g^]- We 
have also obtained the non-relativistic limit of the K-Dirac equation and using this also, we have studied the shift 
in the spectrum of Hydrogen atom( valid up to order a). Comparing these shifts in different energy levels with the 
experimental data, we have obtained different bound on the deformation parameter. All these bounds shown that 
that deformation parameter a is much higher than the Planck length. 

We notice that the degeneracy in the spectrum due to I is removed in our case as well as in the case modification of 
non-relativistic Hydrogen atom spectrum due generalized uncertainty relations [69l - [7l| . But unlike in the later, in the 
present case, we see that there is also a shift in the ground state energy due to the term (see Hi). This term is 
present in the NR limit (see Egn. ip^ ) which is not present in the case of modification due to generalized uncertainty 
relation. Though the NR calculations shows uniform shift in the ground state energy, we see from the Dirac equation 
that this shift would be different for different levels. Thus, the shift in the ground state energy, is a signature of the 
K spacetime modification which is not shared by the modification coming from the generalized uncertainty relation. 
In [gj it was shown that the Moyal noncommutativity opens up new channels for transitions. In the k spacetime, this 
modification is absent and the degeneracy in m quantum number is still intact as in the commutative case. This can 
distinguish the effect of Moyal noncommutativity from that of k space time. 

Acknowledgement: We thank A. K. Kapoor for useful discussions. MS and NS thank DST(India) for support 
through a project. 
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